GALACTIC MODELS AND STELLAR ORBITS”
Jaan Einasto

Abstract. Methods of determination of composite models of
galaxies are outlined. The available observational infarmation
renders it possible to distinguish the following populations in
nearby galaxies: nucleus, kernel, core, bulge, halo, disc, young
population. Parameters of models of six galaxies are presented
(our Galaxy, M31, M32, M87, and dwarf galaxies in Fornax and
Sculptor). New data indicate that galaxies have much higher degree
of mass concentration to the centre than adopted in previous mo-
dels, and that giant galaxies may be surrounded by massive gaseous
coronae of very large dimensions.

Recent developments in derivation of stellar orbits and kine-
matical characteristics of various stellar populations in galaxies
are also summarized.

In the last section models of physical and dynamical evolution
of galaxies are discussed.
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I Introduction

The construction of models is the most effective tool for
synthesis of various observational data and quantitative study of
the physical and dynamical structure and evolution of stellar sys-
tems.

In earlier model studies the goal has been more specific,
since the models have been considered mainly as mass distribution
models only (Perek 1962).

Classical models of spiral galaxies are based on rotational
velocities, which are identified with circular velocities. The
models of elliptical galaxies are based on luminosity distribution.
The mass distribution is found under the assumption that the mass-
to-luminosity ratio is constant over the whole sysitem. The latter
quantity is determined from the virial theorem by means of the
velocity distribution in the centre of the system.

Some years ago it became apparent that a new approach to the
constructing of models of stellar systems is necessary. First of
all, recent observational and theoretical data have raised serious
doubts over the validity of the assumptions mentioned above. Second-
ly, present observational technique permits to study not only the
general distribution of mass in galaxies, but also the dynamical
and physical structure of different stellar populations in them.
And finally, the study of physical and dynamical evolution of ga-
laxies has become an important new branch of investigation. All
these aspects must be taken into consideration in developing new
methods of modelling of galaxies.

In the following we give a review of problems connected with
the construction of spatial and kinematical models of galaxies,
and describe shortly the corresponding procedures. New results on
the structure and evolution of galaxies will be presented.

The spatial structure of galaxies and their populations is
closely associated with properties of stellar motion. This aspect
will be also discussed in connection with the problem of stellar
orbits.



II New observational data _on_galaxies
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As mentioned above, new observational data enable us to
study the distribution of stars of different populations in ga-
laxies. Under a population we mean the family of stars or other
objects, having similar physical properties (age, chemical compo-
sition etc.) and similar parameters of spatial distribution and
kinematics. The population problem in galaxies has been recently
reviewed by King (1971).

The most important new observational data, on which the study
of populations is based, are the spectrophotometric and colorimet-
ric data concerning the stellar content of galaxies.

Pioneering work in this direction has been made by Morgan and
Mayall (1957), and Spinrad (1962). The first two authors discovered
that the spectra of centres of M31 and giant elliptical galaxies
have cyanogen bands of normal strength. This indicates that the
mejority of stars in central regions of these galaxies are old
population I stars rather than metal-poor population II stars of
globular-cluster type. Population II is also present there, but
it is not the dominating population. Spinrad has found that in
centres of giant elliptical and spiral galaxies the D lines of
sodium are very strong which indicates the presence of red dwarfs
in large number. Later McClure (1969) and Spinrad and Taylor
(1971a) found that the lines of metals in the spectra of some old
open clusters and nuclel of giant galaxies are also very strong.

They interprete the results in terms of super-metal-rich nuclei
of glant galaxies and old open clusters (Spinrad et al. 1970).
Spinrad and hiscollaborators have developed methods of derivation

of mass-to-luminosity ratios of galaxies on the basis of spectro-
photometric data (Spinrad et al. 1971, Spinrad 1971, Spinrad and
Taylor 1971b).

Spectrophotometric methods can be applied for central bright
parts of galaxies only. Valuable information on star content of
galaxies, including faint peripherical regions, can be obtained
by photometric methods, using the metallicity parameter @ (van
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den Bergh 1967) er other combinations of UBVRIJKL eolours.

By means of large optieal and radio telescopes the distribu-

tion of individual bright objects in nearby galaxies cam be also
studied. Among these objects we mention globular clusters, studied
by Vetednik (1962), Kinman (1963), Racine (1968), Sharov (1968a),

van den Bergh (1969), and others, novee (Sharov 1968b), supernovae
(Tammann1970), emission nebulae (Basde, Arp 1964, Deharveng, Pellet
1969, Courtes et al. 1968), stellar associations (van den Bergh
1964), and neutral hydrogen (s. van Woerden 1967).

Parameters, characterizing the physical and dynamical struc-
ture of populations, cannot be determined directly from observations
in all cases. For example, the mass-to-luminosity ratios of the bulge,
the disc and the halo of a galaxy cannot be derived from spectro-
photometric observations. This quantity can be estimated from
models of evolution of galaxies.

111 Mghhods of copstructigp of models of stellar systoms

Under a model of a stellar system we mean a set of functions
and parsmeters, describing the main features of the system, includ-
ed the presence of populations in it. The main descriptive funct-
ions are the following: the gravitational potential ¢ and its
radial and vertical derivatives K, and K, , the spatial den-
sity of mass p , the projected (along the line of sight) den-
sity of mass P, the projected luminosity demsity L , velocity
dispersions in cylindrical system of coordinates Oy , 6, ,6; ,
the centroid velocity I, , and inclination angle of the major
axis of the velocity ellipsoid to the plane of the galaxy o .
All these functions are connected with each other by means of various
equations; the form of the equatioms depends on certain assumpt-
ions on the shape of equidensivy surfaces and on some other con-
ditions.

To construct a model of a galaxy three problems are to be
solved.



1. The choice of equations connecting %he deseriptive funct-
ions.

2. The choice of analytic form for the initial descriptive
function .

3. The determination of parameters of descriptive functions.

To f£ix the form of connection equations we make two assumpt-
dons. First, we suppose that galaxies are in a steady state and
are symmetrical in respect to the rotational axis and equatorial
plane. Secondly, we suppose that galaxies consist of ellipsoidal
components of different flattening that represent different stel-
lar populations in them. These assumptions are a good approximat-
ion to real galaxies. The assumption on ellipsoidal distribution
of mass has the advantage that the form of the connection equations
is the simplest one (Einasto 1969a, 1969b, 1970a).For the projected
density of a component we have

[~ -]
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where a = /Riﬂ"'z; is the semimajor axis of the equidensity
ellipsoid with axial ratio £ § R , Z being zylindrical co-
ordinates and A is the semimajor axis of the projected density
ellipse with the apparent axial ratio £ ,

2 . .
E = sin*i +€*cos*i, (2)

{ being the angle between the plane of the system and the line
of sight. Further £ is the mass-to-luminosity retio of the
component, According to our assumptiom f is constant over the
whole component, Finally

p(a) = 4w galga) (3

48 the mass distribution function (the mass of an equidensity
layer of unit thickness at the eguator).

Gravitational potential and its gredients can be found from
the following expressions
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where a is connected with the integration variable « by the
formula

ate w (R 21 -(eaf]™). %

If the galaxy consists of more than one component, at right hand
side of (4) and (5) the corresponding sums are to be written.

Kinematical functions can be calculated by means of hydro-
dynamical equations of stellar dynamics

2 A
tion-o 2L oo+ $ Elop(0i- ] -g=Ke» ®

Lp(oa-ad et S lop(ap-ad]+4&(oaw) =Ko )

where
r = ¥ fg 24 . (10)

If the galaxy has a composite structure, the total number
of functions to be determined is large and the numerical integ-
ration of equations is impossible. The procedure used by most
investigators is following: an analyti¢ expression is adopted
for one of the descriptive functions - this function can be called
the initial descriptive function. Other functions will be calcu-~
lated by means of formulae given above. The problem of determining
of the model of a galaxy is reduced to the determination of the
parameters of the initial descriptive function.
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The spatial density p , projected density P or gravitational
potential P can be used as the initial descriptive function. In prac-
tice, if we wish to detemine all descriptive functions mentioned,
the most convenient initial function is the spatial density [

A large variety of analytic expressions has been proposed
for thd initial descriptive function. To select the most suitable
expressions, the following conditionm can be used (Kutuzov, Ei-
nasto 1968, Einasto 1969b, 1971):

1) the mass and luminosity densities must be always nonnegative
snd finite;

2) the mass density and its derivative must not have breaks , even
at the centre of the system;

3) the density must decrease outwards;

4) the moments of the mass distribution function must be
finite

co "
Mjl/"} =b/,u(a)a’ala <o, j2-2; 1

5) the descriptive functions are to form a mutually consis-—
tent system of functions;

6) the model of the galaxy must allow stable circular- motions.
It should be noted that in special types of galaxies some of
these conditions may not be fulfilled.

A discussion of analytical expressions; used earlier in galactic
models has shown (Einasto 1968a, b, 1969b) that almost all express—
ions do not satisfy some of the conditions mentioned. Therefore we
have proposed a new density law (Einasto1970b, Einasto and Einasto
1972a)

Ple) = (@) exp [x =[x at(ka,)?] Y . (12)
where

p@)=hM(4weal)”’ (13)
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is the central density of the component, 9 is the mass of the
component, Q, its effective (mean) radius, for definition of @, s,
Einasto and Einasto (1972a), x and N are structural parameters,

h and k dimensionless normalizing parameters, depending on x and N,
Our experience has shown that by an appropriate choice of structural
parameters the law (12) can be used in all cases.

The pracbical procedure of determining the model of a galaxy
consists of three steps.

First, a photometric model of the galaxy is to be found. To
determine a representative photometric model, the profiles of the
galaxy in several photometric systems and both along major and minor
axis are needed. The preliminary values of model paremeters can be
fuvund from graphs by a comparison of the observed curves B, B - V,
and U - B versus log A with theoretical ones. The final values of
model parameters can be determined by a trial-and-error procedure,
for this purpose special computation program is composed. In photo-
metric models the following parameters can be found for the compo-
nents of the galaxy: structural parameters, effective radii, axial
ratios (flattenings), luminosities and colours. The colours give
us the ratios of mass—~to-~luminosity ratios, for instance

B-V =(8-V), +2.5log(f/4). ()

The second step is the determination of the mass distribution
model. For this purpose absolute values of mass-to-luminosity ratios
for all components are to be determined. For the central bright
components they can be found from spectrophotometric data by the
Spinrad's method, and independently by the virial theorem from
velocity dispersion. For fainter components the absolute value

of £ can be estimated theoretically, on the basis of the results
of calculations of the physical evolution of galaxies and their
populations.

In the case of galaxies with composite structure the virial
theorem has the form (Einasto 1971)
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(&' = /3,.6'%[":‘ B H . (15)
In this expression (o;‘}* is the mean dispersion of radial ve-
locities of the component & of the galaxy (this quantity can be
determined from observations),

Br = Brcos’i+ By sin*i, (16)

where /3, , and /3, are coefficients, defined in Einasto and
Binasto (1972a). Further, a,; is the mean radius of the compo-
ment k , % - the mass of the component [ and

Hi ’f,“k'(d) m (o) ool 17
o

where 4. is the dimensionless mass distribution function of the
component k , d =a/a. , and

ol
m, (o) = 331[‘_//41 (o) clox (18)
[/]

is the dimensionless inner mass of the component ( .

The final step in the construction of the model of the galaxy
is the determination of its dynamical and kinematical descriptive
functions. Knowing the mass distribution function, the gravitational
potential of the whole galaxy and its gradients can be calculated.
Thereafter the kinematical functions can be found for different
components of the galaxy. The difficulty lies in the fact that the
system of hydrodynamical equations is not closed: for the five
functions o , Gy » G o Uy ¢ Ve have two equations (8),
and (9) only.

An approximate solution can be obtained, suppocing 7 =0
and o , Gy » Op & Vs o In this case we have from the first
hydrodynamical equation for 2z =0

Vp ~RKa= V?, (19)
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where ¥ is the circular velocity; and from the second equation
{Jeans approximation)
9(2)(0’,'(zl- f“K, (R.2) pla)da (20)
x
The formulae (19) and (4) are the basic ones in the classical
method of the determination of the models of oblate galaxies.
To obtain more accurate solution, three additional equations

are to be used. Recently we proposed (Einasto 1970a)to close the
system of equations by means of the formula (Kuzmin 1953)

! - Ra/(R" a2 -2, 1)
the Lindblad formula
ko % 65 /68 = y2(1+3ln V/3(nR), (22)
and the Kuzmin (1961) formula
ke ® 63/67 = ko /[ (1+4) . (23)

Formula (21) follows from the theory of the third integral of
motion, 2, 1s a constant (in more general case 2, varies with
R and z , s. Einasto and Rmmel 1970). It should be noted that
formulae (22) and (23) are valid near the plane of symmetry of

a galaxy and for the flat components of a galaxy only. In the
general case the problem of closing hydrodynamical equations is
more complicated and has presently no final solution.

IY_The Structure of eslaxles

Populations in galaxies

The list of populations that can be separated at present
in nearby external galaxies is given in Table 1.

In this list the term nucleus is preserved only for the
massive non-stellar body in the centre of a galaxy responsible
for its activity. The nature of galactic nuclei is not fully
understood. According to Ozernoi and Usov (1971), for example,
they are massive highly magnetized gaseous bodies. The masses
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of galactic nuclei, given below, are estimated from the virial
theorem.

The sm llest stellar population in galaxies is called kernel,
following a suggestion of Vorontsov-Velyaminov (1972). Earlier
these objects have been also called galactic nuclei, but this may
lead to a confusion with the non-stellar central bodies. The
second new term, used here, is the core, defined as the central
and the most metal-rich part of the bulge. The presence of this
population in giant galaxies, which has almost the same metal
abundance and mass-to-light ratio as the kernel, but much larger
radius, is demonstrated by spectral (Spinrad et al. 1971) and photo-
metric (Sandage et al. 1969) observations.

Both the bulge and the dis¢ consist of stars of normal me-
tal content. They differ by the mean age of stars (in the disc
the age dispersion is much larger), flattening and the mean ra-
dius. Halo is characterized by a large deficit of metals. The
Joung population consists of young stars and star generating
medium (interstellar gas and dust), distributed irregularly or
forming spiral arms.

Kernel, core, bulge and halo consist of old stars, which
form in galaxies subsystems of nearly spherical form. In fcrmer
classification no difference between these populations has been
made, they have been called population II (Baade 1944) or spheri-
cal component (Kukarkin 1949). These populations differ by chemical
composition, mean radii and densities.

In external galaxies we cannot observe individual stars
belonging to transition populations between extreme halo and diec
populations. But there exist indirect evidence that in external
galaxies such transition populations do occur as it iz the case
with our Galaxy (long-period red variables, RR Lyrae stais with
periods < 0.4 days, moderately metal-deficit globular clusters).
The mean axial ratio of equidensity ellipsoids, found from photo-
metric data for the Andromeda galaxy, is € = 0.30 for the halo
and £ = 0,08 for the disc (Einasto 1971). Since extreme halo
population objects (globular clusters) in M31 have £ = O.54
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(kinasto 1972a), there must exist intermediate subsystemgwith

0.08 £ £ £ 0.3. Kinematical data of stars in our Galaxy indicate
that subsystems within this range of axial ratio ¢ are associated
with RR Lyrae stars of different mean periods. RR Lyrae stars be-
long to the metal deficient stars, therefore one may conclude that
subsystems in this range of € are intermediate halo subsystems.

Young (extreme I (Oort 1958), flat (Kukarkin 1949)) populat-
ion consists of subsystems, individual members of which are suffi-
ciently bright for observations in the nearby galaxies (supergiant
stars, stellar associations, H4 -regions). The spatial structure
of these subsystems is in general similar. However little differences
exist, which play important role the developing of the theory of
star formation.

Photometric models

Detailed models are now available for six galaxies: our Ga-

laxy (Einasto 1970b, Einasto and kinasto 1972b), the Andromeda galaxy,
M31 (Einasto 1971, Einasto and Riimmel 1972) and its dwarf ellip-
tical companions, M32, the giant elliptical galaxy M87 and very
faint dwarf elliptical galaxies in Formax and Sculptor (present
paper). The data on these galaxies are given in Tables 2 and 3.
In Table 2 there are given: mass Ml , blue luminosity Lz ’
effective radius a, , axial ratio of equidensity surface € ,
mass-to-luminosity ratio f, , two colours, B - V, U - B, mean
density (9 ) , defined by the expression

(o) = W (breal )™, (24)

where X 1is a dimensionless constant of the order 1 (for definit-
ion of X see Einasto 1972b). Finally, B(O) is the central blue
brightness of the component, seen face on and corrected for the
etfect of interstellar reddening, and P(0) is the central value
of surface density (perpendicular to the plane of symmetry of the
galaxy), N and X are structural parameters. In the Table 3 the
adopted true distance modulus (m -M)o , blue absorption
A= B-8, , inclination angle ( s Vvelocity dispersion
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in the centre J, , and spectrophotometrically determined mass-
to~luminosity ratio f; are given.

In Pig. 1 = 5 there are given photometric profiles along the
major axlis for all 5 galaxies studied. The curves represent com-
ponents of galaxies and the total luminosity profiles, observat-
ions of various authors are plotted with different symbols. The
agreement of models with observations is very good -~ the deviations
are much smaller then the obaervational errors. The region of
spiral arms in the Andromeda galaxy presents the only exception:
the model does not represent individual spiral arms. In Fig. 6 - 7
the run of apparent axial ratio of equidensity ellipses is given
for M87, and M31, in Fig. 8 - the colour variation for M87. As
seen, these photometric functions are also satisfactorily repro-
duced by the model.

Mass—to-luminosity ratio of components

The critical point in model constructing is the determin-
ation of mess~to-luminosity ratios for individual galactic com-
ponents.

For the kernel and the core this ratio can be determined from
observations by two methods, namely from spectrophotometric data
and from the virial theorem. The necessary observational data are
given in Table 3. Both kind of data are available for M31 and
M32 and give mutually consistent results. The adopted values for
fg are given in Table 2.

For the other extreme case, the halo, we have no direct deter-
minations of fz; . From the analogy with globular clusters we may
assume that f; is approximately equal to 1 (Schwarzschild and
Bernstein 1955). This value represents, however, a low limit for
the halo, since the low mass stars with high values of f} may
evaporate from clusters, what is not the case with halos. We have
adopted a preliminary value f; = 3 for the halos of all galaxies
considered. There may exist differences in f, for the halos of
galaxies of different mass and morphological type, but more in-
formation is needed to make quantitative conclusions.
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The mass=-to-luminosity ratio of the young population is esti-
mated from theoretical calculations of the physical evolution of
galaxies (Einasto 1971). The mass of interstellar gas is also ine
cluded into the mass of this component.

For the bulge and the disc the mass-to-luminosity batio can
be found from the total mass of the galaxy, known from rotation
velocity data (M31), and from physical evolution calculations.

We assume that in M31 the bulge and the disc have the same chemi-
cal composition and that mass-to-luminosity ratio differences

are caused by differences in age distribution of stars. The latter
can be estimated by physical evolution calculations. The absolute
values of fg are found from the total mass of M31 (the masses

of all other components are calculated from luminosities and
mass-to-luminosity ratios).

For M87 and M32 fg of the bulge can be estimated from
physical evolution calculations. These estimates are however
rather rough, since the chemical composition is known approxi-
mately only. A better estimate can be found from E-V , U-B
colours, by means of the correlation between integrated colours
and mass-to-luminosity ratios for the old pppulations.

The dependence of log f; of individual galactic components
on the total mass of the galaxy # and on the B~V and U-B
colours 1s shown in Fig. 9 and 10. We see that a close correlat-
ion exists between these quantities. Since all populations platted
in Fig. 9 and 10 have approximately the same age, the differences
in f can be attributed to differences in composition.

Mass, mass-to-luminosity, and circular velocity
distribution

For all galaxies studied the general mass, mass-to-luminosity
and circular velocity distribution have been ecalculated. The gene-
ral mass distribution has been found from the formula

n a
M(a)= ) Juj@eda, (25)
f=d 0
where n is the number of components in the particular galaxy.
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The general mass-to-luminosity ratio has been calculated from the
expression

fg(@) = P(a)/L,(a) | (26)

where Al and Lg(cy are the face-on projected mass and luminosity
densities (summed over all components), projected luminosity being
corrected for the interstellar absorption.

In Fig. 11 the general mass distribution is plotted for 5
galaxies, the lines of constant mean inner densities

( pla)y =3M()(4ra’)”! (27)

ere also given. These densities correspond to the spherical distri-
bution of mass. In Fig. 12 the run of the mass-to-luminosity ratio
is given for the same 5 galaxies. In Fig. 13 the circular velocity
curve is given for the Andromeda galaxy, M31. For the sake of
comparison the corresponding functions are given for the Andromedas
galaxy aceording to the Roberts (1966) model, a typical represen—
tative of models, constructed by the classical method.,

Let us compare Roberts mcdel with the new one.

The main difference between the old and new models iies in the
mass concentration to the centre. The new model has a very high
mass concentration: 25 % of the total mass is located inside a
spherold with major-semiaxis a = 1.8 kpc, the corresponding mean
inner density is (p(w) = 2 M, pc"3 « In the Roberts model 25 %
of the total mass is located inside the sphercid a = 9 kpc with
®ean density { @)y = 0.03 .08 pc"'3 . The central dernsities differ
drastically: o(0) = 10° W, pc™> in the new model, and p(0) =
1.4 73Z<,pc"'3 in Roberts's model. Since the luminosity density
' increases rapidly to the centre, the mass~to-luminesity ratio in
o0ld models decreases to the centre (Fig. 12). In %the centre accord~
ing to Roberts's model f»(0) = 1072,

Main arguments agains old models of spiral galaxies can be
summarized as follows.

1. Direct density estimm tes, based on the virial theorem, give
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for the central region values of 5 to 6 orders of magnitudes
greater than follows from old models.

2. Direct mass-to-luminosity ratio determinations based on
spectrophotometric observations gives for the centres of spiral gala-
xies values, 3.5 orders of magnitude greater than those following
from o0ld models.

3. It is impossible to obtain theoretically a mass=to-lumi-
nosity ratio decreasing toward the centre, for physically reaso-
nable values of parameters of star formation function.

4, The physical characteristics of central regions of spiral
galaxies are very similar to the corresponding characteristics of
elliptical galaxies, therefore it is highly improbable that the
run of mass-to-luminosity ratio in the central regions of these
galaxies is fully different.

5. Since the velocity dispersion in the central parts of
galaxies is large (determined spectroscopically and confirmed by
model calculations), the rotational velocity must be much smaller
than the circular one. For the kernel of M31 the observed angular
rotational velocity amounts to 7 # of the angular velocity of
circular motion only (Einasto 1972a).

The problem of "missing mass" in galaxies

Oort (1960) and Hill (1960) have investigated vertical motions
of stars in the solar vicinity and determined the vertical gradient
of the gravitational acceleration, characterized by the Kuzmin
parameter C,

C'==(3Kz/32) ., - (28)
By means of the Poisson equation (Kuzamin 1952)

4rGo = C:-2(A*-8%), (29)

where A and B are Oort constants, the total dynamical density
of matter 9 i3 the solar vicinity has been calculated. The result
- 18 =



18 C = 90 1m sec™! xpe=! ana @ = 0.150 mepc’3, about twice
the observed star and interstellar gas demsity ¢ = 0.091 Mopc”
(Einasto and Kutuzov 1964). The difference has been attributed to
stars of unknown origin. Hence the problem of "misaing mass" arises.

Kuzain (1955), Belsalu (1958) and Einasto (1966) have found
a considerable smaller value ([ = 70 km sec™) xpe~! in good
agreement with direct estimates ef mass density. Recently Jdeveer
(1972) developed a new method for the detemmination of C . The
result is again C = 70 kn sec™! kpc™'. Therefore the hypothe-
8is of the presence of unknown matter in the solar vicinity in a
great amount seems to have no strong observational support.

This problem has arisen however newly in connection with a
different phenomen. Calculated circular velocities possess a con-
siderably steeper radial gradient at the outer regions of spiral
galaxies as follows from observations of rotational velocities.
That can be seen in Fig. 13 from a comparison of our model with
the Roberts's one - the latter reproduces direct observations fair-
ly well. These differences may be explained in two ways.

1. In the outer regions of spiral galaxies there exist large
systematical deviations of rotational velocities from circular
ones.

2. Spiral galaxies have coronas of great masses and dimens-
ions.

The first hypothesis is supported by the discovery of Roberts
(1967) and Courtes et al. (1968) that many spiral galaxies have
large differences in rotation curves of opposite sides, which can
hardly attribute to differences in circular velocities.

If the second hypothesis is correct, the discrepancy between
the total cosmological density of matter and the mean density of
observed matter (Shapiro 1971) would become less drastical, The
matter considered can not be in the form of neutral gas, since
this’sas would be observable. Luminosity decreases in outer galac-
tic regions rapidly, therefore, if the matter is in the form of
stars, the latter must he of very low luminosity. The presence
of low luminosity stars in outer galactic regions without bright



ones would reguire a powerful process of large-scale segregation
of stars according to the mass (low luminosity stars have smallest
masses), but this is highly unprobable. There remains the possi-
bility that the unknown matter exists in the form of rarefied icnie
zed gas. If this is the case, it would perhaps explain the discre-=
pancy between the virial and count masses of clusters of galaxies.
The corona is added in our model B, its mass is estimated to be
equal to the stellar component of the galaxy (185x109@ﬁo), the
effective radius Q. = 20 kpc, and the mean density about

1073 Wype3.

There exist some evidence that very massive gaseous coronae
may surround giant elliptical galaxies too. If we suppose that
outer limiting radii of galaxies, containing practically all
their masses, do not change with time and that the corresponding
mean densities characterize the initial densities of protogalaxies
at the time of galaxy formation, we obtuin for the initial den-
sity of M87 31072 My pc™>, what is about 1.5 orders of magnitu-
des smaller than the initial density of M31, 107 Mo pe™>. The
initial densities of both galaxies would be equal if %he galaxy
M87 has a corona of the mass 2*10137%0 and of the eifective radius
a, = 100 kpc (medel B). We see that the total mass of the corona
may be one order of magnibtude greater than the mass of stellar
component of the galaxy! In connection with this we refer to the
recent investigation of De Young (1972), who has given evidence
for the presence of intergalactic medium in clusters of galaxies.

The evidence of the presence of massive coronae sround giant
galaxies is however not very strong and further studies are nece~
SsSarye.

The knowledge of stellar orbits in galaxies is important in
several respects. To establish the possible existence and form
of the third integral of motion it is necessary to compute three-
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dimensional orbits of stars. To develope the theory of evolution
of stars the places of star formetion must be known, which can
be found by backward orbit calculations. The statistics of or-
bital elements is needed both for the theory of galaxy evolution
and for the constructing of representative models of galaxies.

te orbits he third integral of motion

According to the Jeans theorem (Jeans 1915) the phase density
of stars depends on velocity components 4, , ¥y , vz through
isolating integrals of motion L . In the case of steady state
stellar systems, symmetrical in respect to a plane and axis of
rotation, there exist in general two independent isolating in-
tegrals of motion - the emexrgy integral [, and the angular
momentum integral [, . If tiere exist no more isolating in-
tegrals the star density in the velocity space is a function of

I, and /, only, and the velocity distribution is axially sym-
metrical, dispersions OJ; and O, being equal. This contradicts
observations: in the solar vicinity the dispersion. of radial
motions for all subsystems of stars studied exceeds the dispersion
of vertical motions.

This discrepancy has sometimes been interpreted as an indi-
cation of the non steady state of the Galaxy. However Kuzmin (1953)
has pointed out that the inequality of the velocity dispersions
can be explained in the framework of the theory of stationary ga-
laxy, provided we suppose the existence of third isolating inte-
gral of motion, f,. As afirst approximation, a quadratic dependence
of I 3 on velocity components has been supposed. The existence
of a third quadratic integral of motion impose definite restrict-
ion for the gravitational potential of the galaxy. The correspond-
ing form of potential has been proposed already by Eddington (1915).
Kuzmin (1953, 1956) has shown that this form of potential enab-
les us to construct reasonable models of galaxies.

In the case of the quadratic third integrel the galactic or-
bits of stars are located inside of toroids bordered by confocal
hyperboloids and ellipsoids. Two projections of such an orbit,
calculated in 1953 by Eelsalu are given in Fig. 14. Later these
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orbits have been called box-orbits (Ollongren 1962).

The family of confocal hyperboloids and ellipsoids has
another important property. Together with themeridional planes they
are tangent to the axes of velocity ellipsolds, and are therefore
called the main velocity surfaces (Eddington 1915).

The gravitational potential of real galaxies does not exactly
coincide with the potential following from the theory of the
quadratic third integral. Therefore, if the third isolating integral
exists, it does not have a quadratic form and the main velocity
surfaces are not confocal hyperboloids and ellipsoids. To verify
the possible existence Of the third integral Ollongren (1962)
has computed a series of three-dimensional orbits of stars for
the Schmidt (1956) model of the Galaxy. As in the previous case
the orbits are located in toroids, but they have a more complica=
ted form of meridional sections. This seems to show that the third
isolating integral exists, but does not have a quadratic form.

Recent studies, reported in IAU Symposium No. 25 (Contopoulos
1966), indicate that the problem is more complicated. however.
For some regions of the galaxy meridional sections of stellar
orbits are enveloped by boxes, indicating the isolating character
of the third integral. In other regions steliar orbits fill all
the space allowed by the energy integral, in this region the third
integral is not isolating (ergodic orbits).

From the standpoint of galaxy modelling one important problem
to be solved is the determination of the tilt o (R,2) of the velo-
city ellipsoid outside the equatorial plane. This problem is sol-
ved so far only for the case, when the third integrel has a
quadratic form and the main velocity surfaces are confocal hyper-
boloids and ellipsoids.

Stellar orbits and places of star formation

The possibility of backward orbit calculations and the know-
ledge of stellar ages enables us to find the places of star for-
mation. For this purpose Contopoulos and Strémgren (1965) have
published extensive tables of plane galactic orbits. Recently
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Grossman and Yuan (1970) calculated new tables of plane galactic
orbits for potential with spiral component.

Orbit calculations have been used for the derivation of places
of star formation by Dixon (1967a, 1967b, 1968). He has found that
stars do form near the apocentra its orbits and then fall towara
the centre of the galaxy. According to a suggestion of Oort (1964),
the reason for this is that interstellar gas is supported partly
by non-gravitational forces. This problem has been studied also by
Hube (1970) who has found no clustering of star formation points
near apocentra.

Vertical oscillations of stars have been studied also by J8e-
veer (1968, 1972). He has shown that groups of young stars do os-
cillate synchronously with the frequence W; = £ = 70 km sec” "
kpc'1. This is the case if stars do form above or below the galac-
tic plane with small random velocities, as suggested by Oort. Hube
has failed to prove the existence of such vertical oscillations
since he has adopted too large value ( = 90 km sec™ | kpc™!
for the Kuzmin canstant.

Statistics of stellar orbits and kinematical properties
of galactic populations

Statistics of the elements of stellar orbits, as well as velo-
oity dispersions and centroid velocities yield valuable informat-
don on kinematical properties of galactic populations. In our
Galaxy kinematical characteristics can be determined for solar
vicinity for all populations of stars, but the parameters of spa-
tial distribution only for subsystems of bright stars. This makes
kinematical characteristics very useful for the determination of
the mean age of a given star groups.

Por cosmogonic studies both the statistics of stellar orbital
elements and the statistics of velocity components can be used.

The first procedure has been used by Eggen, Lynden-Bell and
Bandage (1962) to study the initial collapse phase of the Galaxy
history. Individual orbits of large number of stars have been
calculated and then orbital elements found. The same results
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could be obtained more directly from the three-~dimensiomal Bott-
linger diagram, that gives the orbital elements directly from the
components of velocity vectors of stars (Kuzmin 1956).

Centroid velocities and elements of velocity dispersion tensor
have been used for the study of galactic dynamical evolution by
von Hérner (1960) and Einasto (1970b,1971). In both studies abso-
lute ages have been found for some subsystems, that allows to
accomplish age calibration for all kinematic groups. All these
studies showed that at the first phase of its evolution the Galaxy
was rapidly contracting both in radial and vertical directionms.

1f the mass density and gravitational potential of a galaxy is
known, it is possible to calculate kinematical descriptive functions
for various test-populations by means of formulae given in section
ITI. Such calculations have been carried out for seven test-popu-
lations of our Galaxy and six test-populations of the Andromeda
galaxy (Einasto 1971). The results for one test-population of our
Galaxy are given in the Fig. 15. In addition to kinematical functions
the density of the population and its gradients are also plotted,

As mentioned in section III, one important kinematical para-
meter is the ratio of velocity dispersions ﬁ@ « The Kuzmin formula
(23) gives for the solar vicinity k; = 0.285 in good agreement
with observed value for flat subsystems, kL, = 0.278. For inter-
mediate and halo subsystems the direct determination of Kz is
difficult due to large observational errors., This quantity can
be determined, however, indirectly by integration of the hydrody-
namical equations (8) and (9), adopting the observed relation
between the centroid velocity and the mean velocity dispersion.
The resulting dependence of k} on the flattening of test-populations
is reproduced in Fig. 16 (Einasto 1971).

VI_The_evolution of galaxies

Now we consider the application of the method of modelling
to the study of the evolution of galaxies.

The evolution of galaxies is caused by four different pro-
cesses: the formation of stars out of interstellar matter, the
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enrichment of the interstellar matter by the products of stellar
evolution, the change of physical parameters of populations as a
result of stellar evolution, and the change of spatial distribut-
ion of stears and interstellar matter. All processes are working
simultaneously and are mutually affecting one another. For instance,
the rate of star formation depends on the density of interstellar
matter, the contraction of interstellar matter is controlled by
the number of young hot stars etc. Therefore a perfect theory

of galaxy evolution must take into account all processes simultaw
neously. However, the problem is very complicated and such a theory
does not exist at present. A separate study of different processes
seems to be a realistic approach.

To construct models of physical evolution of galaxies the fol-
lowing data are needed: the rate of star formation as a function
of time, the distribution of newly-born stars according to their
mass (the initial mass function), the evolution tracks of stars
of different masses and composition, the rate of production of
various isotopes by stars of different mass, and the bolometric
correstions and intrinsic colours of stars as functions of their
chemical composition, absolute temperature and luminosity. The
latter data are necessary to calculate observable photometric

quantities for model galaxies.

Dynamical parameters of stellar populations are rather con-
servative, therefore the present dynamical state of the populations
preserve information on the conditions in the galaxy at the time
of their formation. Comparing the dynamical parameters of populat-
ions of different ages, it is posaible to reconstruct the past
dynamical history of the galexy.

The rate of star formation

Oort (1958) supposed that the rate of star formation is pro-
portional to the interstellar gas density in a rather high power.
This was confirmed by Schmidt (1959) who found from the study of
star and gas densities in the solar vicinity that
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R s dfs/dt = X?gn ° (30)

For the power of this empirival law Schmidt obtained the value

n = 2. Practically the same result n = 1.84 has been found by
Sanduleak (1969) for Small Magellanic Cloud. Recently Hartwick
(1971) has found for the Andromeda galaxy, M31, a considerable
higher value, n = 3.5, and has supposed that this parameter may
depend on local conditions of star formation. However, Hartwick
has used hydrogen densities, uncorrected for the antenna smearing
effect. A rediscussion of the data on M31, the antenna smearing
effect taken into consideration, gives n = 2 (Einasto 1972b). In
the last-mentioned study the coefficient of proportionality,
has also been found. A value J = 4 has been obtained (time being
expressed in 109 years and densities in solar masses per cubic
parsec). The result corresponds to normal chemical composition
of the gas. The available data indicate that at very low gas den-
sities (93 { 0.01 Mopc3 ) star formation does not take place.

0f courge, the rate of star formation depends not only on the
gas density. It depends also on the temperature and composition
of the gas, may be on other factors too. An attempt to take into
account the temperature and the composition of the gas has been
made by Matsuda (1970). The adopted dependensce is however rather
arbitrary.

If the total density of matter P= 9+ ¢y is supposed to be in-
dependent of time, the differential equation (30) can be integrated
analytically. The result for the mass of gas 0)19 in the galaxy
is incase n =2:

Mg =am (1+7)7*,

(31
where 7 is the total mass of the galaxy,
Tal/t, (32)
the dimensionless time, and
t,=(y<g)™ (33)
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the characteristic time of star formation, ( 9) being the mean
total density of patter in the galaxy. It should be mentioned
that the widely used exponential law (Tinsley 1968)

-T
m? - m e (34)
corresponda to the case n = 1 and contradicts the Schmidt law.

The initial luminosity function has been derived first by
Balpeter (1955), who found that the distribution of the number

of newly born stars according to their masses m can be satis-
factorily expressed by the law

P

Fimy=am" (35)

a being a normalizing constant and p = 2.35. This law has

been confirmed by Sandage (1957), van den Bergh (1957) and others,
Reddish (1965) turned attention to the case p = 2.33 that corres-
ponds to the equal distribution of the potential énergy among
stars of different mass. Saar (1972) has shown that this particu~
lar case is valid in a very wide range of masses of celestial
bodies from stars to clusters of galaxies. The law (35) cannot

be applied to very small masses as the integral JF(m)dm do not
converge. Therefore an effective lower limiting mass m, must
exist.

Models of physical evolution of galaxies have been construc-—
ted by Tinsley (1968) and Eimasto (1971),using evolutionary tracks

of stars, bolometric correctiouns, and intrinsic colours. The main
results of these studies are the following.

Tinsley has made an attempt to reproduce the observed integ-
rated photometric properties of galaxies by a corresponding choice
of parameters of the stellar birth function. Chemical composition
of stars has not been varied. In this case the neccessary variations
of other parameters become too large. In particular, the observed
high values of mass-to-luminosity ratios of giant elliptical galaxies
have been achieved by adding arbitrarily red dwarfs in an unprob-
able large amount.
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Our study has shown that the most important factor in galactic evo=-
lution is the initial chemical composition of stars. In Fig. 17 we
reproduce the dependence of fz on time for three different com-
positions. Following a suggestion of Truran and Cameron (1970) we
suppose that the lower limiting mass of stellar birth function
depends on the composition of the gas. For the normal composition

Z = 0.02 we adopt (Reddish 1965) m, = 0,03 #Mlg, for £ = 0.10
m, = 0.001 M, and for Z = 102 m,= 0.1 M.

The other important rarameter, determining the evolution of
galaxies, is the mean density. Differences in mean density may be
responsible for the formation of galaxies of different types: ellip-
ticals, spirals and irregulars (Holmberg 1964). However serious
difficulties urise if we wish to explain the formation of different
populations by differences in their mean density alone.

The characteristic times of star formation f, , calculated
for various components of galaxies (Table 2) vary in very broad
limits. In particular, the characteristic time for the formation
of the halo is too large. To overcome this difficulty one may
suppose that the parameter ) of the Schmidt law (30) is not cons-
tant, but depends on the chemical composition of interstellar gas.
This assumption cannot explain, however, the presence of halos of
different mean densities, since the halo stars in different gala-
xies have approximately the same composition. There remains another
explamation - to suppose that halo stars are formed at the final
stage of the contraction of the protogalaxy just before gas clouds
have lost their high kinetic energy by collisions, Otherwise we
suppose that halo stars are formed near the pericentra of their
first revolution. At that time the mean density of the protogalaxy
was high and a fast formation of halo stars was possible.

Dynamical evolution of galaxies

The differences in kinematical properties and corresponding

parameters of spatial distribution of stars of different spectral
types have been known long ago (Rootsmide 1943, Kukarkin 1949, Pare-
nago 1951). Rootsmie has interpreted these data as an age efrect.
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He supposed that the star generating medium (gas) waz in a gradual
contraction. A different explenation has been propssed by Spitzer
and Schwarzschild (1953), Gurevitc (1954) and Kuzmin (1961): the
acceleration of stars by interaction with massive clouds of inter-
stellar matter and stars (the effect of irregular gravitational
forces).

Von Hérner (1960) showed that both processes are active in
galaxies. In the initial phase of the galactic history the first
process (rapid contraction of interstellar matter to the centre
and plane of the galaxy) is dominating, thereafter the second pro-
cess (acceleration) takes over. The contraction or collapse phase
has been studied in detail by Eggen, Lynden-Bell and Sandage (1962)
and recently by Einasto (1971). Von Hdrner results have been con-
firmed. In central parts of the Galaxy the contraction proceeds very
quickly (in 107 years), the bulge and inner halo are formed in few
108 years, the formation of the disc is completed within 107 Years,
The degree of contraction of the gas is very large in the centre
of the galaxy (about 100), in the solar vicirity the degree of ra-—
dial contraction of the gas is about 5, and the degree of vertical
contraction -~ about 50 (Fig. 18).

The consequences of fast initial contraction cof the galaxy
have been investigated by Lynden-Bell (1967b). He showed that as the
result of a fast change of the gravitational field violent relaxst-
ion takes place. This relaxation explaines the similarity of demsity
distribution of all elliptical galaxies. Recent numerical studies
have confirmed these results (s. Contopoulos 1970).

The role of angular momentum of the protogalaxy to its sub-
sequent evolution is also to be mentioned. This problem has been

investigated by many authors (Lynden-Bell1967a, Brosche 1570, San-
dage et al. 1970). The protogalaxies with small relative angular

momentum lead to the formation of elliptical galaxies, the proto-
galaxies with large momentum - to the formation of spiral and
irregular galaxies.

It is usually adopted that the angular momentum distribution
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in galaxies is identical to the corresponding distridution of a
uniformly rotating homogeneous spheroid (Crampin and Hoyle 1964,
Innanen 19%6). This result is based, however, on old models of
spiral galuxies, where the central mass concentration is underesti-
mated. The only spiral galaxy, for which a new model is available,
is the Andromeda galaxy. The angular momentum distribution of

M31 is reproduced in Fig. 19 (Einasto 1971). We see that there
exists a large excess of mass of low momentum as compared with

the homogeneous spheroidal model. This result shows that the main
conclusion of Crampin and Hoyle, that the Galaxy has condensed

from a homogeneous spheroid without turbulent nixing, may be in-
correct.
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Table 1

Galactic Populations

- log t
Population € logZ log 2., Jyears
Kernel 1 1 -3 10
Core 1 1 =1.5 10
Bulge 1 1.5 -0.5 10
Halo 0.1 -1 2 -5 0 10
DiBC 0‘04 - 001 1.5 005 9 - 10
Young < 0,04 1.5 0.5
Table 3
Some General Data on Galaxies
Galaxy (m-M), Ref As Ref i 6, Ref f, Ref
km/sec
M31 24,2 1 0,60 1 12.5 225 7 43 9
M32 24,2 1 0.,60 1 0 98 7 6 9
M87 31.1 2 0.21 6 0 550 -
Fornax 22.0 3, 4 04,20 3 0 - -
Sculptor 19.6 5 0.20 3 0 - -
1. van den Bergh 1968 6. Sharov 1963
2. Sandage 1968 7. Minkovsky 1962
3. de Vaucouleurs, Ables 1968 8. Brandt, Roosen 1969
4, Hodge “%61a 9. Spinrad 1971

5. Hodge 1961b
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Fig. 1, The luminosity profile along the major semi-
axis of M31. Dots represent ohservacions compiled by Ei-
nasto (1969a), curves represent various components
(1: kernel, 2: core, 3: bulge, 4: halo, 5: disc, 6: young
populations. In the lower part of the figure the deviat-
ions of the model from observations are shown.
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Fig. 8. The colour variations in M87. Curves represent

the model, observed values are taken accordiug to Wester-
lund and Wall (1969) and de Vaucouleurs (1969).
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Fig. 9. The dependence of mass-to-luminosity ratios of
0ld galactic components on the total mass of the galaxy M .
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Fig. 10. The dependence of mass-to-luminosity
ratios of 0ld galactic components on its B-V
and y-§ colours.
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Fig. 13, The distribution of circular velocity of
the romeda galaxy M31 according to the Einasto mo-
dels (A without, and B with the corona), and Roberts
(1966) model.
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Fig. 14, Vertical (left) and meridional projections
of a three-dimensional orbit of a star, calculated in
1953 b{ Eelsalu. The points A and B corresponds to the
minimal and the maximal distance of the orbit from the
galactic centre at the equatorial plane of the Galaxy
(reproduced from Kuzmin 1969).
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Fig. 15. Various descriptive functions of a test-

opulations of the Galaxy with the mean radius aq, =
g.# kpc, axial ratio ¢ = 0,05 and structural parameters
N =1 and x = 1.5. In the upper part of the Figure

for R = 10 kpc the dependence of the density é: (in
units of the central density 19(0) ), vertical density
gradient (=-9|p g/az and velocity dispersion (63)e
in Jeans approxima% on on Z (8. Einasto 1970) are
given. In the middle of the Figure the R -dependence
of the demsity ¢ radial density gradient m =-09log 9/dR
and of three veloci%y dispersions 6, , 6, , Oz are
shown for the galactic plane 2z = OR. In %he lower
part of the Figure the lines of constant denstty ¢ and
velocity dispersion (4;) are given, Velocities are
expressed in km/sec.

- 45 o



o 169 6 9 b 9

oy
’

P ‘uoygerndod eyy jo (sxesf uy) 2 ofe

8Y3 U0 Z AqUeqU0d B3UOWETe LABOY SNOTIBA

Jo suorgerndod IBITe38 JOo OT3eX Lyysoutumy
-0~ SE¥W Q3 Jo oouspuadep oyl °/LL °

*£9TUTOTA XBT08 Y3 JIO0F SWeq8LB
-qQng o._"wow._..aw Jo 3 Jejewsxed JuTuelqaevly oYL
uo Jo/;0a="y prosdyr1e £370070A 243 JO OT3
=8I T8YX® oU3 Jo eouspuadep oYy °9L °*3T4

01 2 50 0
I
0
- 50
4
N
S
; ¥
! 0




*TEOTAUIPT 88 STOPOW J30q JO VIUOWOW JIENSUS JO onTeA

ajcl PUe 808SVE Y] ° SUTT POUSWD ® £q POJBOTDUT

(3] h»«owmo» Jerndue Jueqsuod Yagm Furgeszox ‘prox

-oyds snosueSowoy JOJ UOTINQTILSTD w".ﬂnomnonhoo oﬂ%
*Texeus? uy jdu oq3 03 9uo YOTY3 ay3 ‘suotywndo
98TP pus (orey ‘eFrnq ‘ex0d) TeotIeUds og puodseaxod

nou.«w-qﬂna *LEN Lxered wpemorpuy oyy 07 ¢ Wnuowom

Jey SN8I0A SSVN JO WOTANQIISTP o4 *6L °*BTd

B8 v s ¥ § L4 4 0

*(Li6L) oaseuts WOy peonpoxday °SoUTT (SIXu38) D3, pue
(se3), peuswp Lq umoys sy (suorjerndod JeYTe3s IL® X0F
k3 { oﬂ“ﬁ&o@n« 9y3) oanqotd OATAYUIS3T® UY *800J30F

JINIGIIT JO UWOTIOW 83 03 OND PISVSIOUT SWe3els
-qne 98TP JO OT3BI TEIX® O3 3NQ ‘senTeA 3 TeIITUT
ITOU] POAIESUOd ATqeqord eAwy (OL°0 ¢ 3) swueqsds
-qne OTeH °sefe JUSISIITP JO SUOTY od JeyT038 pPUR
ge3 oy3 J0y 3 SPTosdTITe L37euepInbe Jo ojjex TeTX®
oy Jo seduwyd LIPUOTINTOA® OTQT880d °glL °*ITd

208 a4 0
yusy Aouorpad

- 47 -



Errata
Tartu astr. obs. Tetaed No. 40, 1572

Page 28 9th row from below instead of "Otherwise
we suppose..." it should be read "In other words we
suppose...".

Page 34 Table 3. For gulaxies 87, Formax and Sculp-~
tor instead of the true distance moduli (m - m)o the
ayparent moduli (m - M)B are given.

Note: in the fipal version of the report, to be
published in the Proceedings of the First Zuropean Astro-
nomical Keeting, the term pucleus is used for the cent-
ral dense star cluster, and the term kernel for the
central guasipoint mass, responsible for the activity of
the galaxy. Some other minor changes have also been made.
41l numerical results have resained unchanged.
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